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Abstract. Electrical impedance spectra (80 Hz—1 MHz) in
Scots pine needles were found to be characterized by spec-
trum skewness in the Cole-Cole plot. These spectra were
subjected to analysis with two distributed models: (i) the
Cole-Cole function and (ii) an equivalent circuit which
takes account of the presence of air spaces within the nee-
dles (Model-A). In analysis with untreated needles (with-
out artificial infiltration with water), Model-A fitted bet-
ter than the Cole-Cole function to the experimental data.
After infiltration of water into the needles, the extent of
spectrum skewness was substantially decreased compared
with the pre-infiltration condition and the Cole-Cole func-
tion fitted better than Model-A to the measured impedance
data. The Cole-Cole o decreased from 0.47 in non-infil-
trated needles to 0.42 in the infiltrated needles. The ex-
ceptionally large value of & in non-infiltrated needles can
be explained by the presence of air spaces, which produce
transmission line properties in the mesophyll. In support
of the validity of Model-A, this new model provided spe-
cific membrane resistances of 1190+83 Qcm? in cold
hardened and non-hardened needles respectively. These
specific membrane resistance are comparable with previ-
ous reports of membrane resistances in other biological
systems. It is concluded that in this exceptionally spongy
tissue, Cole-Cole o is likely to be due to the effects of the
transmission line properties of cells which are surrounded
by air spaces and only thin cell walls outside the insulat-
ing cell membranes.
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1. Introduction

Information of fundamental value in the physiology of or-
ganisms can be obtained by measuring the impedance
spectra of tissues and organs (reviewed by Cole 1968; Ack-
mann and Seitz 1984). In simple tissues such as potato tu-
ber tissue, the application of lumped electrical models (e.g.
Hayden et al. 1969; Zhang and Willison 1991, 1993) has
provided useful physiological information. In more com-
plicated tissues such as woody stems, the tissue is better
modelled by the impedance level Cole-Cole function (see
Repo and Zhang 1993) as described in Eq. (1) (in materi-
als science, it is usually called ZC or ZARC response func-
tion, see Macdonald 1987, pp. 16-20).
_ R =R,
1+(jor,)™®

Generally, the Cole-Cole function provides a good fit to a
wide range of biological tissues (see Cole 1932, 1933,
1941) and it has thus been used frequently in characteriz-
ing the impedance of biological tissues (e.g. Schanne and
P.-Ceretti 1978; Greenham et al. 1980, 1982; Ackmann
and Seitz 1984; Mgrkrid and Qiao 1988; Thomas et al.
1992; Repo and Zhang 1993). In this relationship, R, is
the tissue resistance at extremely high frequency, R, is the
impedance measured at extremely low frequency and cor-
responds to extracellular resistance, 7, is a generalized
time constant, and « is a factor within the range of 0-1
which describes the time constant distribution in the
system.,

Among the 4 parameters in Eq. (1), ais the least under-
stood (Cole 1968; see Ackmann and Seitz 1984; Foster and
Schwan 1989). Classically, o has been associated with an
impedance phase angle [(1-o) 7/2] which appears in the
Cole-Cole plot and is due to cellular membranes (see Cole
1932, 1933, 1941, 1968). Although several decades have
passed since Cole’s work, the ¢rin the Cole-Cole function
(Cole-Cole o) is still not completely understood.

If each cell is represented by a single time constant cir-
cuit, a tissue with normally distributed cell sizes should be
represented by a circuit with normally distributed time

Z.=R.+ (1)
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constants in series. In a simulation at admittance level (at
which « is the same as that at the impedance level), the
admittance loci of a normally distributed time constant cir-
cuit was not an arc but almost a full semicircle (see Kanai
et al. 1987), i.e. the aris quite close to 0. As ¢ is usually
found to be far larger than O in real measurements, this
suggests that cell size distribution had little effect on .. At
dielectric level, it has been speculated that o: may relate to
cell size distribution, the influence of cell organelles, cell
packing, cell shapes and the influence of intercellular junc-
tions (see Foster and Schwan 1989). In simulation (Foster
and Schwan 1989, pp. 77-82), the Cole-Cole function re-
quires almost a log-normal distribution of time constants
in order to produce observed values of c. In biological
systems, one does not expect cell sizes to vary by 100 to
1000 times within one tissue. At the dielectric level in
yeast cell suspension cultures, Markx and co-workers
(1991) found that real cell size distribution did not account
for measured . For these reasons it seems that cell size
distribution is not likely to be a major factor in determin-
ing Cole-Cole ¢, and other causes must be sought for
understanding its biological meaning.

In biological tissues, o is usually in the range of 0-0.4.
This range of o corresponds to a membrane phase angle
of 90° to 55° (for a list of membrane phase angles in tis-
sues, see Cole 1933, p. 113; for a list of membrane phase
angles in single cells, see Cole 1941). In our recent experi-
ments with Scots pine needles (see Repo et al. 1994),
o was found to be 0.47, which is exceptionally large. For
theoretical reasons, we considered that this high value may
be connected with the large amount of air space within
pine needles. In the following, based on both experiments
and theory, we explore the relationship between pine nee-
dle air spaces and the skewness in the measured spectrum
which gives rise to the exceptionally large c. It 1s argued
that this special case illuminates the general meaning of
Cole-Cole o.

2. Theory

It was shown previously that there is a great difference in
the ratio of extracellular to intracellular resistance (r,/7; or
R,/R)) between the stems and the needles in Scots pine
seedlings (Repo et al. 1994). In stems, the ratio averages
6.9 (7.3 and 6.4 for non-hardy and hardy tissues, respec-
tively), whereas in needles this ratio averages 26.0 (15.5
and 36.5 for non-hardy and hardy tissues, respectively).
We hypothesize that the large difference in R,/R, is due to
the presence of extensive air space in the needles.

The proportion of the air spaces to mesophyll tissue in
Scots pine needles is approximately 25% (volume/vol-
ume) (Soikkeli 1981) (see Fig. 1). By infiltrating the nee-
dles with water, we found that fresh weight increased by
15.5%, indicating that air space occupies a minimum of
15.5% (volume/volume). The difference between these
two estimates is probably due to incomplete infiltration
with water. By contrast, the woody stems have virtually
no air space.

The path of a hypothetical electrical current in a spongy
mesophyll system is described in Fig. 2. Where there are

100 um

Fig. 1. Light micrograph of a Scots pine needle showing the epi-
dermis (1), mesophyll tissue (2) with intercellular spaces (3), resin
duct (4), and the conducting tissue with vascular bundles (5). x78

Fig. 2. A Mesophyll cells in Scots pine needles. AS — air space;
C - cell; W — wet cell wall on the surface of mesophyll cell (arrow
heads); E - electrode. B A mesophyll cell and its equivalent circuit.
Extracellular resistance (R, ), intracellular resistance (R;) and trans-
mission line property of the system are indicated. E — electrode

a lot of air spaces, many mesophyll cells are partially sur-
rounded by a layer of thin wet cell walls (Fig. 2A). Be-
cause the amount of cell wall space available for current
flow is small adjacent to the air spaces, the extracellular
resistance will be higher than usual and most of the cur-
rent in this part of the circuit can be expected to pass across
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Fig. 3. An infinitely long transmission line representing plasma
membrane property. C — specific membrane capacitance; R5 — spe-
cific membrane resistance; R, ~ lateral resistance of water film in a
unit area of cell surface

A.

Fig. 4. A An equivalent
circuit for a single meso-
phyll cell or piece of meso-
phyll tissue. R; — Extracel-
lular resistance; R, — intra-
cellular resistance, and

Z; — membrane with trans-
mission line property.

B A transformed circuit
from that in Fig. 4 A (see
Appendix 3), which illus-
trates R, and R, in (5b)

the cell membrane through a distributed circuit (see
Fig. 2B; and for detail, see Fig. 3).

In mesophyll cells, the vacuole is an important orga-
nelle which occupies most of the space within a cell
(Fig. 1). In an ideal electrical model, the properties of the
vacuole (tonoplast capacitance and vacuole interior resis-
tance) should be included. In the model used here, for sim-
plicity, the cell is treated as having one intracellular resis-
tance (R,) (Fig. 2 B). For present purposes, this simplified
version of the modelling has the advantage of being di-
rectly comparable with the commonly used Cole-Cole
function. In future, it may be possible to expand the model
to include more details.
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Fig.5. A Cole-Cole plot of (3) with A,=50 and 7,,=1 millisecond.
The frequency range is from 10 Hz to 800 kHz (from right to left,
anti-clockwise). The characteristic frequency (f/) is 276 Hz. R and
—X are real and imaginary levels respectively. At the highest fre-
quencies, the spectrum forms a 45 degree angle in relation to R axis

That part of a mesophyll cell which is surrounded by
air space can be represented by a distributed circuit model
which approximates an infinitely-long transmission line
(Fig. 3). In this model (Fig. 3), the R; is specific mem-
brane resistance (£ cm?), C is specific membrane capac-
itance (F/cm?), and R, is lateral resistance along a 1 cm?
membrane surface area (ohm). The extracellular resistance
(R,) is a function of the wet layer associated with the cell
walls surrounding the cells. Where there is a sufficiently
thick wet layer, the extracellular resistance is low and the
electrical current remains within this extracellular space.
If the cell wall and its associated water forms a sufficiently
thin layer over the cell surface, as when cells are sur-
rounded by air spaces, the dominant factor affecting cur-
rent flow is the leakiness of the cell membrane and the cur-
rentis distributed across the cell membrane (Fig. 3). Under
these circumstances, the extracellular resistance is de-
scribed by R, (Fig. 3) and the membrane behaves like a
transmission line.

Following a procedure described by Raistrick (1987,
pp. 81-82), the impedance of the transmission line (Fig. 3)
can be expressed as:

0.5
= & (Za)
t .
1+ jo CR3
or
z,=— M (2b)

" (+jer,)"’

in which Ag=(R,R;)*> and 7,=R, C (membrane time
constant). For the derivation of Eq. (2 a), see Appendix 1.

Z,inFig. 4 A is equal to two Z,’s in series (see Fig. 2 B)
and therefore the impedance of an individual mesophyll
cell is

240

b=—— =
(+jot,)

Figure 5 illustrates the behavior of (3) as frequency var-
ies. Within the commonly used frequency range, a skewed
spectrum is produced. If the skewed spectrum is approxi-
mated by a semicircle as generated by (1), the center of
the Cole-Cole plot will be depressed below the real axis.
At extremely low frequency, Eq. (3) produces a maximum
resistance of 24, and zero reactance. At extremely high
frequency, Eq. (3) provides resistance and reactance val-

3)
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ues of zero. When w7=3%" the reactance attains its max-

imum value of A,/2°, and the resistance is A, (3/2)*. If
we define the characteristic frequency (f,) as the fre-
quency at which maximal reactance is reached, as is con-
ventional when usin% the Cole-Cole function (Eq. (1)),
then f,=3%% (211z,) " (see Appendix 2). As @T,, becomes
progressively larger than 1 with increasing frequency,
Eq. (3) will approach a constant phase element (CPE) with
a 45 degree phase angle (see the left half of spectrum in
Fig. 5). With the Z, component in the circuit in Fig. 4 A,
the total circuit represents a cell. In a tissue with m cell
layers along the direction of the electrical field and n cells
within each cell layer, the Z, component in the circuit in
Fig. 4 A will be

_ (m/n)24
T+ jer,)03

and this represents the whole tissue.

The circuit in Fig. 4 A is equivalent to a mesophyll cell
or cells in a pine needle. It can be conveniently replaced
by the circuit in Fig. 4B for impedance analysis by com-
plex non-linear least squares (CNLS) curve-fitting. The
advantage of using the circuit in Fig. 4B is that R, and R,
[see Eq. (5b) below] can be graphically displayed in the
complex impedance locus, whereas the components of the
circuit in Fig. 4 A are better revealed by plotting at the ad-
mittance level. The two circuits in Fig. 4 A and 4B are
interconvertible and both circuits can have exactly the
same impedance response at all frequencies (see Cole
1928, p. 34; Macdonald 1987, p. 11, Appendix 3).

The total impedance of the circuit in Fig. 4B is

R,—-R.
R _R.
247 (mln)

in which A=A _/(1+R,/R,)* (see Appendix 3 for detail),
or

“4)

Z=R.+ (5a)

A+jot,)”

R, - R..

Z_R°°+1+ﬁ(1+jmm)°~5 (56)
in which

_ _R,—R,
ﬁ’zA;(m/n)'

In the following, let us call (5b) Model-A! (in which A
stands for air space).

3. Experiments

Impedance spectral measurements (80 Hz—1 MHz) were
made in 15 mm long sections (taken from the middle) of
15 previous-year needles of Scots pine (Pinus sylvestris

1 The R_. in Model-A has the same meaning as in the Cole-Cole func-
tion, i.e. resistance at extremely high frequency. However, unlike in
the Cole-Cole function, due to the transmission line property of Z,,
the resistance of Model-A at extremely low frequency is equal to
(R,+ B R.)Y/(1+p). Nevertheless, we kept R, for a structural similar-
ity to the Cole-Cole function.

0 200 400 600 800 1000 1200 1400
R (k ohm)

0 200 400 600 800 1000 1200 1400
R (k ohm)

Fig. 6. Cole-Cole plot of a typical impedance spectrum of a non-
hardy Scots pine needle and the best fit by the Cole-Cole function
A and the Model-A B. R and X are real and imaginary parts of im-
pedance respectively. The best fit Cole-Cole function parameters
(=SE) are: R..=129 (£6.5) k2, R,=1385 (+15) k,7=60.1 (£2.6)
us, a=0.44 (x0.01) RMDS =20251). The best fit Model-A param-
eters are: R,,=109 (x3.1) k€2, R,=1605 (x£18) k€2,7,,=1.28 (+0.12)
ms, B=0.28 (£0.02) (RMSD = 10462). The empty circles are experi-
mental data, and the empty squares are best-fit

(L.)) taken randomly in their frost hardy stage
(March 1994 in Finland), both before and after infiltration
with water (for measurement method, see Repo 1994). By
using Ag/AgCl electrodes (WPI Ltd., RC 1) which were
set in contact with a conductive paste to form a salt bridge
between electrode and sample, and by the short-circuit cor-
rection operation of the LCR measurement instrument
(HP4284A), electrode/tissue interface polarization is kept
to a minimum (see Repo 1994 for detail). The spectra thus
measured were analyzed with both the Cole-Cole function
and Model-A by a BIA program (Bio-Impedance Analy-
sis v. 3.0, written in Microsoft Visual Basic). In addition,
impedance spectra of 16 current-year needles of Scots pine
takenrandomly at two cold hardening stages (August 1992
and October 1992) (for detail, see Repo et al. 1994) were
analyzed.

The relative goodness of fit of the two models (Cole-
Cole and Model-A) was tested using root mean squared
differences (RMSD) between best-fit model data and mea-
sured data. As both models contain 4 free parameters, the
general fit can be revealed by direct comparison of
RMSDs. In addition, since the curve-fitting program dis-
plays in dynamic graphics the best-fit curve together with
experimental data an absolute best-fit is guaranteed.

The Cole-Cole function fits reasonably well in a typi-
cal impedance spectrum of non-infiltrated needles
(Fig. 6 A). However, a much better fit is obtained by
Model-A whose prediction almost completely overlaps
with the experimental data (Fig. 6B). The best fit of
Model-A in Scots pine needles without infiltration with
water produced smaller RMSD than the Cole-Cole func-
tion in 44 of a total of 47 cases (both non-hardened and
hardened samples). In a typical fit, the relative error (stan-



Table 1. Cole-Cole o and the other parameters in the Cole-Cole
function in Scots pine needles before and after water infiltration
(n=15)

Treatment R. R, T, 1-a
k) (k) (us)

222+7 1920+60 259=04 0.533 +0.002
121 £4 123040 17.9+0.3 0.583 +0.003

Non-infiltrated
Infiltrated

Significance o3k e Aeskesk htor

**%* Indicates significant difference at P<0.001 between non-infil-
trated and infiltrated

Table 2. Model-A parameters in Scots pine needles both with and
without water infiltration (n=15)

Treatment R, R, B Tm
kQ (kO (ms)

Non-infiltrated 200x7 204060 0.136 £0.005 1.73 +0.12
Infiltrated 78 +3 1380+40 0.186+0.007 0.75 +0.04

Significance ook e ek Kok

#** Indicates significant difference at P<0.001 between non-infil-
trated and infiltrated

Table 3. Best-fit parameter values of Model-A in Scols pine nee-
dles at non-hardy and hardy stages (n=16) (see Repo et al. 1994)

Treatment R, R B T

kD & (ms)
Non-hardy  95+3 1550+ 80 0.33 £0.03 1.3£02
Hardy 113+£7 1980+120 0.223+0.011 1.19+0.08
Significance * * ok NS

NS-not significant
* — Significant at p<0.05
** _Significant at p<0.01

dard error/parameter value) of R_, decreased from 6.5% in
the Cole-Cole model to 3.1% in the Model-A (see legend
of Fig. 6). The relative error for R, did not change signif-
icantly between the two models. 7. and « in Cole-Cole
model have different meanings than 7, and in Model-A,
and therefore comparison of these parameters between
models will not be meaningful. By contrast to the non-in-
filtrated needles, the Cole-Cole function produced smaller
RMSDs than the Model-A after infiltration with water (to-
tal of 15 cases).

The analysis of previous-year Scots pine needles
showed that all parameters in the Cole-Cole function
changed significantly relative to controls following infil-
tration with water (Table 1). The parameters R.., R, and
7. decreased, but (1-¢) increased. When the same data were
analyzed by using Model-A, similar relative trends were
found in R,, and R, the parameter 3 increased, and 7., de-
creased (Table 2). During hardening, both of the resis-
tances in Model-A increased but § decreased. The time
constant 7, was unchanged (Table 3).
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4. Discussion

In impedance analysis of non-biological materials, an em-
pirical function by Havriliak-Negami (HN) in the form of

Run

+(on'-P ©
is often used for describing a skewed spectrum (see Hav-
riliak and Negami 1966; Macdonald 1991; Repo et al.
1994). The HN function reduces to the Davidson-Cole
function when =0 (Davidson and Cole 1951) and to the
Cole-Cole function when 8=0. These functions have sim-
ilarities in appearance to the proposed Model-A. However,
the selection of a good model should not be based only on
its good curve-fit to experimental data, but more impor-
tantly on how to interpret each function parameter in bio-
logical terms. In the case of the HN function, the David-
son-Cole function or the Cole-Cole function, which are all
empirical, it is difficult to interpret all their parameters in
biological terms. By contrast, the Model-A describes a ba-
sic process — the distributed current flow along the meso-
phyll cell surface, and it helps us to understand the mean-
ing of Cole-Cole o

In this study, Model-A generally provided a better fit
than the Cole-Cole function to the experimental data in the
Scots pine needles that were not infiltrated with water (Fig.
6). The advantage of Model-A is not only its improved fit
to experimental data compared with the widely used Cole-
Cole function but, more importantly, its better defined set
of model parameters. A benefit of this better definition is
that membrane resistance can be calculated. If we assume
a specific membrane capacitance of 1 pF/cm?, we get
estimates for membrane resistance (R;=1,/C) of hardy
and non-hardy needles of 1190£83 QCmlri and 1323+
213 Qcm? respectively. We can have confidence in the
method of obtaining these values because they are in the
range around 1000 2 generally found in many biological
membranes (see Cole 1968, p. 103).

Further support for the validity of model-A comes from
the experimental results. By infiltrating the needles with
water, the “thin-wet-cell-wall” condition used in the The-
ory was removed. In support of the Theory, water infiltra-
tion altered the tissue property in such a way that the fit
of Model-A was worse than the fit of the Cole-Cole func-
tion.

A major difference between Model-A and the Cole-
Cole function is that & in the Cole-Cole function is not
present in Model-A. Its loss is compensated for by the con-
stant power factor, 0.5. A new variable, 3, appears in
Model-A. It controls both the skewness of the spectrum
and the depression of the locus centre. Generally, a smaller
B s associated with a more symmetric arc and a more de-
pressed locus centre (larger o). When the spectra in Fig. 7
are curve-fit with the Cole-Cole equation, the o values are
0.464, 0.430, and 0.385 for 8 values of 0.1, 0.3 and 1.0,
tespectively. With large membrane phase angles at large
B values, the spectrum is more asymmetric (Fig. 7C).
Theoretically, when f3 approaches 1, at high frequencies
(w7>>1), Model-A approaches the Cole-Cole function
with an aclose to 0.5. In the current experiments, 3 (0.14
to 0.33) was found to be much smaller than 1. It is there-

Zan (W)=
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Fig. 7A-C. A plot of Model-A (5b) with R..=100 &, R,= 1000 2
and 7,,=1 ms. f-values: 0.1 A, 0.3 B and 1.0 C. Frequency range:
100 Hz - 800 kHz (from right to left, anti-clockwise). When these
spectra were analyzed with the Cole-Cole equation, the o values
were 0.464, 0.430, and 0.385 for B values of 0.1, 0.3 and 1.0, respec-
tively

fore clear that Model-A behaves quite differently in rela-
tion to frequency than does the Cole-Cole function.

The mesophyll cells within a needle are heterogene-
ously arranged (Fig. 1). It would be impossible to produce
an electrical model which includes all the cell and tissue
details. We can only expect to take account of the domi-
nant tissue features. Since Model-A provided a reasonably
good fit to the experimental data, the assumptions about
AC current flow in the tissue and at the membrane level
presented in the Theory section is supported and the model
appears suitable for use in impedance analysis.

In an experimental system where errors are permitted,
it can be difficult to distinguish the response differences
between the Cole-Cole function and Model-A without
knowing about the electrophysiological process involved.
Even when a spectrum is actually determined by Model-A,
the spectrum can nevertheless be fitted fairly well by the
Cole-Cole function. Nevertheless, it has been possible to
demonstrate that in this special case of Scots pine needles
described here, Model-A is a better model than the Cole-
Cole function for describing non-infiltrated needles, and
the Cole-Cole function is a better model for infiltrated nee-
dles.

The analysis described in this study suggests that in
many previous cases where tissues were modelled reason-
ably well by the Cole-Cole function, there may be an im-
proved fit with alternative models, such as Model-A,
which considers electrophysiological processes in more
detail. In the present analysis, the exceptionally large Cole-
Cole ais likely to be associated with the transmission line
properties of some suspended mesophyll cells. While the
analysis in the Scots pine needles is a special case in terms

of tissue structure, it draws attention to the possibility of
understanding the meaning of the Cole-Cole o in a gen-
eral sense. Since many tissues do not have air spaces, the
question remains unanswered as to why so many tissues
have a membrane phase angle smaller than 90 °. Perhaps
tissues display some level of transmission line property
even in the absence of air spaces. Alternatively, a complex
of variables may contribute to ¢, of which the transmis-
sion line factor is dominant where air spaces are extensive.
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List of symbols

Symbol Unit Meaning

Z=7'+jz" Q impedance

z Q resistance

z” Q reactance

J complex number operator, (~1)%

f Hz alternating current frequency

w=2naf rad/s  angular frequency

T ] time constant

Z, Q impedance in the Cole-Cole function

R, Q Z’ measured at extremely low frequency
in the Cole-Cole function

R.. Q Z' measured at extremely high frequen-
cy in the Cole-Cole function

T, time constant in the Cole-cole function

characteristic frequency at which —Z” is
maximum in Cole-Cole function time
constant distribution factor in Cole-Cole

function

n(1-0)/2 rad membrane phase angle in the Cole-Cole
function

Z, Q transmission line property of membrane
in Scots pine needle

R, Q extracellular resistance

R, Q intracellular resistance

Ry Qcm?  specific membrane resistance

Ry Q lateral resistance of water film around

mesophyll cell surface
C uF/cm?  specific membrane capacitance
7, =CR; ] membrane time constant in Model-A
f/=3%5Qrt,)"! Hz characteristic frequency for Z,
afactor in Model-A controlling spectrum
skewness and impedance locus center de-
pression
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Appendix 1. Membrane transmission line property
in Scots pine needles

For an infinitely long transmission line, as shown in Fig. 3,
the two circuits in Figs. 8 and 9 are equivalent. If we use
Z, to represent the impedance of the circuit in Fig. 8, there
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is the following relationship between the two circuits:

11 ,1.iec (A-1)
Z, R+Z, R

1 4R4R 0.5
Zi=3 ( 4 1+ja)CR3) Ry (A-2)

Since R; is typically very large (i.e. R3 >>R,) we get by
R, approaching zero,

0.5
R, Ry
2 {7 e (A3
or
o~ A—U
Ta+jer,)” (A-3b)

in which A, = (R, R;)* and t,,= CR,,

oO—

Zy

Fig. 8. A distributed circuit
with Z, equal to the total
transmission line property

Fig. 9. The same distributed
circuit as in Fig. 8, but writ-
ten in a form which includes
C,Ryand R,

CT iR3 [Z

Ry

Appendix 2. Frequency response properties
of (A-3b)

The normalized form of (A-3b) is

1

T+ o1, (A-3¢)

(i) At extremely high frequency: both resistance (£ and
reactance (Z”) approach zero.

(ii) At extremely low frequency: Z" is 1 and Z” is zero.
(iii) To find the characteristic frequency (f.) at which —-Z”
1s maximal, let

05
U= [1+(co Tm)2] (A-4)
then

” _ (U - 1)0.5
2 =05y (A-5)
From d(-2")/ dU =0, we get
U=2 (A-6)
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and then

w1, =3% (A-Ta)
or

f1=3%rr,)! (A-7b)

At this characteristic frequency, 7Z'=(3/8)% and
-Z"=(1/8)°~.

Appendix 3. The relationship between the circuit
element in Fig. 4 A and the circuit element in Fig. 4B
(see Cole 1928, p. 34; Macdonald 1987, p. 11)

Conversion of Fig. 4 A circuit to 4 B circuit:

_ RR
= Rl + R2
2
R,=R._+ Ry
R +R,
z=— 4 5
(1+R,/R)
or
_ 245 (m/n)
(1+ jor,)%
in which
T
(1+ R,/ R)

(see (4) for reference).

(A-8a)

(A-8b)

(A-8¢c)

(A-8d)

(A-8e)



